
References

Model based clustering with the packages
mclust - teigen - mixsmsn

Marta Nai Ruscone

University of Genova, Italy

Stralsund - Germany, November 6, 2023

Marta Nai Ruscone Model based clustering with the packages mclust - teigen - mixsmsn



References

Preface: clustering

Clustering is the (statistical) process of uncovering groups in
the data

According to some criterion of similarity or dissimilarity,
objects in the same cluster are more similar to each other than
objects in other clusters
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Applications

Medicine or Psychiatry: clusters of patients on the basis of
the symptoms

Biology: clusters of tissues on the basis of the gene
mutations

Environmental sciences: clusters of species

Business: clusters of firms

...
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Applications

There are many cluster analysis methods. On many
datasets these may produce many different clusterings.

Clustering may have different aims. Different clusterings
on the same data may be appropriate for different aims.

Particularly: Within-cluster homogeneity vs. between-cluster
separation.
Both are often relevant, but may be in conflict.
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Cluster analysis: Graphically....

In case of 2 groups G1 and G2

max(dij) < min(drs)

with i , j ∈ G1, r ∈ G1, s ∈ G2.
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Sum of Squares decomposition

Objective way to express the concept of similar units (given the
clusters!)

T = B +W

where

T → Total sum of squares (total variation - available
information)

B → Between sum of squares (between-cluster variation -
separation)

W → Within sum of squares (within-cluster variation -
compactness)
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Sum of Squares decomposition
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Clustering methods
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Clustering methods
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Aggregative methods

We start the clustering process by considering the partition
with n clusters (each unit represents one cluster) until the
partition with 1 cluster (all the units assigned to the single
cluster). [from 1 to n clusters: divisive methods]

Hierarchical clustering methods are criteria aimed to create
nested partitions that allow investigations with respect to
different within clusters homogeneity levels.

Those relationships are often represented by dendrograms; by
cutting the graph at a certain level of dissimilarity we obtain a
partition of objects into different groups.

Each partition in k groups is optimal in a step-wise sense. It is
the best partition in k group one can obtain, given the
partition in k + 1 group defined at the previous step.
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Distance/dissimilarity matrix

Starting from the dissimilarity matrix, agglomerative
hierarchical clustering methods initially consider each unit as a
separate cluster, and they subsequently merge in one cluster
those units that have the lowest distance/dissimilarity.

Then, they evaluate dissimilarities between this new cluster
and the others, merging again the two groups that have the
lowest value in the distance/dissimilarity matrix.

Different clustering methods in this class refer to the different
ways the dissimilarity between clusters is defined and
evaluated.
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Distance/dissimilarity matrix
Distance measures and functions for quantitative variables are implemented in
several functions.

The most common are dist of the package stats and daisy of the package

cluster.

Both functions require an object of class matrix or data.frame as input
argument x.

The function daisy offers the possibility of standardizing the data before
computing the distance matrix (stand = TRUE).

If one is interested in computing the distance matrix on standardized data
by using dist, a possible way is to set x = stand(dataset) where
dataset is the object containing the data at hand.
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Distances between two groups: examples

Given two groups, I and J, we can define different distances
between I and J, for example:

dSL(I , J) = min
i∈I ,j∈J

d(i , j)

dCL(I , J) = max
i∈I ,j∈J

d(i , j)

dAL(I , J) = mean(d(i , j))
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Single Linkage

The distance between two groups G1 and G2 is defined as the
minimum of the distances between any element i of G1 and any
element j of G2:

Clusters obtained with the Single Linkage method tend to have a
long and narrow shape and to be internally poorly homogenous.
For this reason, this method is not able to identify overlapping
clusters, but it is good when clusters look well separated.
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Complete Linkage

The distance between two groups G1 and G2 is defined as the
maximum of the distances between any element i of G1 and any
element j of G2:

Clusters yielded by this procedure tend to be spherical and
compact; nothing can be said about their separation.
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Average Linkage

The distance between two groups G1 and G2 is defined as the
arithmetic mean of the distances between any element i of G1 and
any element j of G2:
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Centroid Linkage

The distance between two groups G1 and G2 is defined as the
Euclidean distance between the two cluster centers (the so-called
centroids or prototypes), i.e., the centroid or prototype of a cluster
is the mean vector of the observed variables computed using the
units assigned to the cluster.

A problem that may be encountered with this approach is that
dissimilarity of a union is lower than the one measured at the
previous merge and this makes the results less interpretable.
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Ward method

The previous methods produce clusters composed by
homogenous units. Thus, the within sum of squares W is
small, but not the minimum one.

To minimize W , take it into account in an explicit way when
merging the clusters.

Distance between two clusters is defined in terms of W .

As usual the classification process starts by considering each
unit as a cluster (W = 0). Each merge leads to an increase of
W ; the algorithm is looking for the merge that will imply the
smallest increase of W for the whole partition (i.e. the groups
that will be merged are those having the minimum between
sum of squares).
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Distances between two groups

All the available methods implemented in the package hclust
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Distances between two groups

All the available methods implemented in the package agnes
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Dendrogram

A dendrogram (from Greek dendro ”tree” and gramma ”drawing”)
is a tree diagram used to illustrate the arrangement of the clusters
produced by hierarchical clustering methods.
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Dendrogram

The x-axis refers to the units/clusters.

The y-axis refers to the distance between merged
units/clusters.

Each node represents a group

Each leaf node is a singleton (i.e., a group containing a single
data point)

Root node is the group containing the whole data set

Each internal node has two daughter nodes (children),
representing the the groups that were merged to form it

By cutting the graph at a certain level of dissimilarity we
obtain a partition of units into different groups.

Which level? Seek ”high jumps” (k groups with low W , k + 1
groups with high W ).

Marta Nai Ruscone Model based clustering with the packages mclust - teigen - mixsmsn



References

Simple Example

Given these data points, an agglomerative algorithm might decide
on a clustering sequence as follows:
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Simple Example

We can also represent the sequence of clustering assignments as a
dendrogram:

Note that cutting the dendrogram horizontally partitions the data
points into clusters
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Clustering methods
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Agglomerative vs divisive

Two types of hierarchical clustering algorithms

Agglomerative (i.e., bottom-up):

Start with all points in their own group

Until there is only one cluster, repeatedly: merge the two
groups that have the smallest dissimilarity

Divisive (i.e., top-down):

Start with all points in one cluster

Until all points are in their own cluster, repeatedly: split the
group into two resulting in the biggest dissimilarity
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Clustering methods
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Non-hierarchical clustering

Hierarchical methods generate n different nested
classifications that go from n one-element clusters to one
cluster which contains all the n observations.

Non-hierarchical methods give rise to a single partition with k
groups, where k is previously specified.

! New problem: we do not know if clusters exist, but we must
specify their number!
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Do we really need Non-hierarchical methods?

Yes, we do..... Why?

Low computational complexity (no need for
dissimilarity/distance matrix D, simply use X) (when n is
large, the computation of D is cumbersome)

Low computational complexity (no need for finding n
partitions)

The dendrogram is useless when n is large

The hierarchy (units merged at a certain step remain in the
same groups in the following steps) may represent a relevant
problem leading spurious classification:

just one bad merging may produce useless results
the obtained classification mainly depends on the methods and
NOT on the data
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Example of spurios classification

It would be reasonable to have two clusters (u1− u3 and u4− u6)
but it is not possible: u3− u4 are already merged!
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Non-hierarchical methods

Fixed the number of groups k, we look for the optimal
partition among all possible ones.

Unfortunately, the set of all possible solutions is very very big
(for example, if n = 20 and k = 4, the possible solutions are
more than 45 billions! )

Since we use X , we can compute the sum of squares
decomposition

Given k(< n), we look for the partition such that W = min.

How to do it? By means of an iterative algorithm
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Iterative algorithm
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Iterative algorithm

Convergence is attained whenever, in two consecutive iterations,
the centroids remain the same (i.e., the assignments of the units to
the clusters do not vary).
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(Hard) k-Means clustering algorithm (HkM)
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HkM: optimization problem
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HkM: iterative algorithm
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HkM: iterative algorithm
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How does HkM work?

It does not explore all the possible partitions of n units in k
groups.

Rather, it explores a limited subset of potential optimal
partitions where the concept of optimality is expressed in
terms of minW (i.e, the loss function).

Two fundamental comments (closely related):

1. The limited subset of potential optimal partitions depends on
Step 0.

2. It is not guaranteed to obtain the partition such that minW is
attained (LOCAL MINIMAL...).
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What can we do?

Run the HkM algorithm more than one time (5? 10?, more?)
in order to increase the chance of getting the optimal
partition.

Keep and interpret the solution with the minimum loss
function value (among all the solutions obtained considering
different random starts (RS)).
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Example (5 starting points):
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Example (5 starting points):

Marta Nai Ruscone Model based clustering with the packages mclust - teigen - mixsmsn



References

(Hard) k-Medoids clustering algorithm (HkMed)

Similar to HkM algorithm, but simpler in the cluster
interpretation.....why?

The obtained clusters are interpreted in terms of the
centroids.

The centroids are fictitious units (average values for the p
variables computed using the units belonging to the same
clusters).

The concept of centroids is not simple for a non-statistical
audience!
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Replace the fictitious centroids with real units

In this way, we can interpret the clusters on the basis of the
observed units.

We therefore select the centroids as a subset of size k of the n
units. These are no longer called centroids, but medoids.
We get

HkMed algorithm is often referred to as Partitioning Around
Medoids (PAM)
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PAM: comments

As for HkM algorithm, also for PAM:

I Constrained optimization problem

Risk of local optima

More than one random start is recommended

Iterative algorithm

Main difference:

PAM can be computationally cumbersome (especially for large
values of n). To understand the reason way, let us see the
iterative algorithm (similar to the HkM one except for Step 1).
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PAM: iterative algorithm
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Clustering methods
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Model-based clustering

A population is a mixture of sub-populations
Each component is modelled through a probability density
function
A component can be considered a cluster

Marta Nai Ruscone Model based clustering with the packages mclust - teigen - mixsmsn



References

Model-based clustering

A population is a mixture of sub-populations
Each component is modelled through a probability density
function
A component can be considered a cluster
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Model-based clustering

A population is a mixture of sub-populations

Each component is modelled through a probability density
function

A component can be considered a cluster
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Model-based clustering

A population is a mixture of sub-populations

Each component is modelled through a probability density
function
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Model-based clustering

A population is a mixture of sub-populations

Each component is modelled through a probability density
function

A component can be considered a cluster
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Model-based clustering - Swiss banknotes classification
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Model-based clustering - Swiss banknotes classification
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